We show that small model categories satisfying certain size conditions can be completed to yield a combinatorial model category, and conversely, that every combinatorial model category arises in this way. We also show that these constructions preserve right properness and compatibility with simplicial enrichment.
Introduction
Category-theoretic homotopy theory has seen a boom in recent decades. One development was the introduction of the notion of 'combinatorial model categories' by Smith [1998] . These correspond to what Lurie [HTT] calls 'presentable ∞-categories' and are therefore a homotopy-theoretic generalisation of the locally presentable categories of Gabriel and Ulmer [1971] . The classification of locally κ-presentable categories says that each one is equivalent to the free κ-ind-completion of a κ-cocomplete small category, and Lurie proved the analogous proposition for presentable ∞-categories, so it should at least seem plausible that every combinatorial model category is generated by a small model category in an appropriate sense.
Indeed, the work of Beke [2000] suggests that more should be true. As stated in the abstract of the cited paper, If a Quillen model category can be specified using a certain logical syntax (intuitively, 'is algebraic/combinatorial enough'), so that it can be defined in any category of sheaves, then the satisfaction of Quillen's axioms over any site is a purely formal consequence of their being satisfied over the category of sets.
and similarly, we can show that the question of whether a set of generating cofibrations and trivial cofibrations in a locally presentable category really do generate a combinatorial model category depends only on an essentially small full subcategory of small objects. More precisely:
Theorem. Let M be a locally presentable category, and let I and I ′ be subsets of mor C. Suppose κ and λ are regular cardinals satisfying the following hypotheses:
• M is a locally κ-presentable category, and κ is sharply less than λ.
• K λ (M), the full subcategory of M spanned by the λ-compact objects, is closed under finite limits in M.
• There are < λ morphisms between any two κ-compact objects in M.
• I and I ′ are λ-small sets of morphisms between κ-compact objects.
Then the weak factorisation systems cofibrantly generated by I and I ′ underlie a model structure on M if and only if their restrictions to K λ (M) underlie a model structure on K λ (M).
The techniques used in the proof of the above theorem are easily generalised, allowing us to make sense of a remark of Dugger [2001] : [. . . ] for a combinatorial category the interesting part of the homotopy theory is all concentrated within some small subcategorybeyond sufficiently large cardinals the homotopy theory is somehow "formal".
For illustration, we will see how to validate Dugger's principle in the case of right properness and axiom SM7.
The author's own motivation for seeking such a result is rooted in a more foundational question. The practice of category-theoretic homotopy theory is often non-elementary, involving techniques such as transfinite induction or drawing on classical results from the homotopy theory of topological spaces; as such, it is difficult to judge whether these homotopical constructions are independent of the choice of set-theoretic universe (if one uses such devices). For instance, suppose U is a universe contained in strictly larger universe U + , and suppose I and I ′ are sets that generate a combinatorial model structure on a locally presentable U-category M; then, given a locally presentable U + -category M + extending M, do I and I ′ also generate a combinatorial model structure on M + ? Happily, the main theorem implies the answer is affirmative.
The structure of this paper is as follows:
• §1 is an overview of the basic theory of accessible categories. General references for this topic include Chapter 2 of [LPAC] , and Chapter 5 of [Borceux, 1994] .
• §2 sets up our notation and terminology regarding factorisation systems.
• §3 contains the definition of various kinds of model categories.
• §4 is an analysis of some special cases of the theorem of Makkai and Paré on weighted 2-limits of accessible categories, [1] with a special emphasis on the index of accessibility of the categories and functors involved.
• §5 establishes the main result: that every combinatorial model category is generated by a small model category, and conversely, that small model categories satisfying certain size conditions generate combinatorial model categories.
The material appearing in the first three sections is not new and is included for the convenience of the reader. The results appearing in the fourth section are technical and probably well known to experts; readers familiar with such topics may wish to skip directly to the last section.
Accessibility
To avoid confusion, let us recall some basic terminology:
Definition 1.1. Let κ be a regular cardinal.
• A κ-small set is a set of cardinality < κ.
• A κ-small category is a category with < κ morphisms. A κ-small diagram is a functor whose domain is a κ-small category.
[1] See Theorem 5.1.6 in [Makkai and Paré, 1989] , or [LPAC, §2.H] .
• There exists a set G of κ-compact objects in C such that, for each object B in C, there exists a small κ-filtered diagram in C whose vertices are in G and whose colimit is B.
A locally κ-presentable category is a κ-accessible category that is also cocomplete. An accessible category (resp. locally presentable category) is a category that is κ-accessible (resp. locally κ-presentable) for some regular cardinal κ.
Definition 1.11. Given a regular cardinal κ, a κ-accessible functor is a functor F : C → D where F preserves colimits for small κ-filtered diagrams and C is a κ-accessible category. An accessible functor is a functor that is κ-accessible for some regular cardinal κ.
Theorem 1.12. Let B be an essentially small category and let κ be a regular cardinal. There exist a κ-accessible category Ind κ (B) and a functor γ : B → Ind κ (B) with the following universal property:
• For any κ-accessible category D, the induced functor This is the free κ-ind-completion of B.
Proof. See Theorem 2.26 in [LPAC] .
Definition 1.13. Let κ and λ be regular cardinals and let P κ (X) denote the set of all κ-small subsets of a set X. We say κ is sharply less than λ if
• κ < λ, and
• for all λ-small sets X, there exists a λ-small cofinal subposet of the poset P κ (X).
We define κ ⊳ λ to mean that κ is sharply less than λ.
Example 1.14. If λ is an uncountable regular cardinal, then ℵ 0 ⊳ λ: indeed, for any λ-small set X, the set P ℵ 0 (X) itself is λ-small.
Example 1.15. Let κ be a regular cardinal and let κ + be its cardinal successor. Then κ ⊳ κ + : every κ + -small set can be mapped bijectively onto an initial segment α of κ (but possibly all of κ), and it is clear that the subposet
is a κ + -small cofinal subposet of P κ (α): given any κ-small subset X ⊆ α, we must have sup X ≤ α, and X ⊆ sup X by definition. Theorem 1.16. Let κ and λ be regular cardinals, and suppose κ < λ. The following are equivalent:
(iii) Any κ-accessible category is also a λ-accessible category.
Proof. See Theorem 2.11 in [LPAC] .
The binary relation ⊳ is transitive.
(ii) If κ ≤ λ, then κ ⊳ 2 <λ + , where 2 <λ = sup {2 µ | µ is a cardinal < λ} and 2 µ = |P (µ)|, and also κ ⊳ 2 λ + .
(iii) For any set K of regular cardinals, there exists a regular cardinal λ such that κ ⊳ λ for all κ in K.
Proof. (i)
. See Proposition 2.3.2 in [Makkai and Paré, 1989] , or theorem 1.16.
(ii). See Proposition 2.3.5 in [Makkai and Paré, 1989] , or Example 2.13(5) in [LPAC] , or Proposition 5.4.7 in [Borceux, 1994] .
(iii). This follows from claim (ii).
It is commonplace to say 'λ-presentable object' instead of 'λ-compact object', especially in algebraic contexts. The following proposition justifies the alternative terminology. Proposition 1.18. Let C be a κ-accessible category. If λ is a regular cardinal and κ ⊳ λ, then the following are equivalent for an object C in C:
(ii) There exists a λ-small κ-filtered diagram A : J → C such that each Aj is a κ-compact object in C and C ∼ = lim − →J A.
(iii) There exists a λ-small κ-directed diagram A : J → C such that each Aj is a κ-compact object in C and C is a retract of lim − →J A.
Proof. (i) ⇔ (ii)
. See Proposition 2.3.11 in [Makkai and Paré, 1989] .
(i) ⇔ (iii). See Remark 2.15 in [LPAC] .
Lemma 1.19. Let C be a κ-accessible category, let A be a κ-compact object in C, and let B be a λ-compact object in C. If the hom-set C(A, A ′ ) is µ-small for all κ-compact objects A ′ in C and κ ⊳ λ, then the hom-set C(A, B) has cardinality < max {λ, µ}.
Proof. By proposition 1.18, there is a λ-small κ-filtered diagram Y : J → C with each vertex κ-compact in C and
and the RHS is a set of cardinality < max {λ, µ} by lemma 1.9.
Proposition 1.20. Let κ and λ be regular cardinals, with κ ≤ λ, let C be a κ-accessible category, and let D be any category. Given an adjunction of the form below,
the following are equivalent:
(ii) G : D → C preserves colimits for small λ-filtered diagrams.
is fully faithful and reflects colimits for small κ-filtered diagrams, so this is enough to conclude that G preserves colimits for small λ-filtered diagrams.
(ii) ⇒ (i). Given a κ-compact object C in C and a small λ-filtered diagram B : J → D, observe that
and thus F C is indeed a λ-compact object in D .
Factorisation systems
Definition 2.1. A weak factorisation system for a category C is a pair (L, R) of subclasses of mor C satisfying these conditions:
• For each morphism f in C there exists a pair (g, h) with g ∈ L and h ∈ R such that f = h • g. Such a pair is a (L, R)-factorisation of f .
• A morphism is in L if and only if it has the left lifting property with respect to every morphism in R, i.e. L = R.
• A morphism is in R if and only if it has the right lifting property with respect to every morphism in L, i.e. R = L .
Remark 2.2. Obviously, (L, R) is a weak factorisation system for C if and
Proposition 2.3 (The retract argument). Let C be a category and let (L, R) be a pair of subclasses of mor C such that L ⊆ R and R ⊆ L . If every morphism in C admits an (L, R)-factorisation, then the following are equivalent:
(ii) L and R are both closed under retracts in C.
Proof. See Observation 1.3 in [Adámek, Herrlich et al., 2002] . ¶ 2.4. Let 2 be the category {0 → 1} and let 3 be {0 → 1 → 2}. Thus, given a category C, the functor category [2, C] is the category of arrows and commutative squares in C. There are three embeddings
These then induce (by precomposition) three 
A functorial weak factorisation system on C is a weak factorisation system (L, R) together with a functorial factorisation system (L, R) such that Lf ∈ L and Rf ∈ R for all morphisms f in C. We will often abuse notation and refer to the functorial factorisation system (L, R) as a functorial weak factorisation system, omitting mention of the weak factorisation system (L, R).
The following characterisation of functorial weak factorisation systems is essentially a generalisation of the retract argument (proposition 2.3). (ii) (L, R) is an weak factorisation system on C extending (L, R), where:
Proof. (i) ⇒ (ii). Let h and k be any two morphisms in C, and let g = Lk, and f = Rh. Since g Rg and Lf f , there must exist morphisms i and r making the diagrams below commute:
Thus, g = Lk ∈ L and f = Rh ∈ R. The same argument now shows that R ⊆ L and L ⊆ R.
It remains to be shown that L ⊆ R and R ⊆ L . First, suppose g ∈ L and f ∈ R, and consider the following lifting problem:
With r and i as in the first paragraph, we then obtain a commutative diagram of the form below,
where the arrow t is obtained by the functoriality of (L, R)-factorisations. Thus, r • t • i : W → X is the required lift, and we conclude that L = R and R = L .
(ii) ⇒ (iii). Immediate.
is a weak factorisation system on C such that Lh ∈ L and Rh ∈ R for all morphisms h in C, then we must have Lg Rf for all f and g in mor C, as required.
Proposition 2.7. Let (L, R) be a functorial factorisation system on C and let λ : id [2,C] ⇒ R and ρ : L ⇒ id [2,C] be the natural transformations whose component at an object f in [2, C] correspond to the following commutative squares in C:
Suppose (L, R) extends to a functorial weak factorisation system. Then the following are equivalent for a morphism g : Z → W in C:
(i) The morphism g is in the left class of the induced weak factorisation system.
(ii) There exists a morphism i in C such that the diagram below commutes:
Dually, the following are equivalent for a morphism f : X → Y in C:
The morphism f is in the right class of the induced weak factorisation system.
(ii ′ ) There exists a morphism r in C such that the diagram below commutes:
admits an algebra structure for the pointed endofunctor (R, λ).
Proof. (i) ⇒ (ii). Consider the following commutative diagram in C:
Thus, a morphism i of the required form exists in C as soon as g Rg.
(ii) ⇔ (iii). This is simply the definition of (L, ρ)-coalgebra.
(ii) ⇒ (i). By definition, the morphism Lf is in the left class of the induced weak factorisation system; but the given diagram exhibits f as a retract of Lf , so we may apply proposition 2.3 to deduce that f is also in the left class.
Definition 2.8. A weak factorisation system (L, R) on a category C is cofibrantly generated by a subset I ⊆ mor C if R = I .
Theorem 2.9 (Quillen's small object argument). Let κ be a regular cardinal, let C be a locally κ-presentable category, and let I be a small subset of mor C.
(i) There exists a functorial weak factorisation system (L, R) on C whose right class is I ; in particular, there is a weak factorisation system on C cofibrantly generated by I.
(ii) If the morphisms that are in I are κ-compact as objects in
Proof. (i). See e.g. Proposition 10.5.16 in [Hirschhorn, 2003] .
(ii) and (iii). These claims can be verified by tracing the construction of L and R and applying lemmas 1.9 and 1.19.
Remark 2.10. The algebraically free natural weak factorisation system produced by Garner's small object argument [2] satisfy claims (ii) and (iii) of the above theorem (under the same hypotheses). The proof is somewhat more straightforward, because the right half of the resulting algebraic factorisation system can be described in terms of a certain density comonad.
Model structures
For the purposes of this paper, it will be convenient to use the following definition of model category: Definition 3.1. A model structure on a category M is a triple (C, W, F ) of subclasses of mor M satifying the following conditions:
• W has the 2-out-of-3 property in M, i.e. given a commutative diagram in M of the form below,
• •
• if any two of the arrows are in W, then so is the third.
• (C ∩ W, F ) and (C, W ∩ F ) are weak factorisation systems on M.
[2] See [Garner, 2009] .
Given a model structure (C, W, F) on a category,
• a weak equivalence is a morphism in W,
• a cofibration is a morphism in C,
• a fibration is a morphism in F ,
• a trivial cofibration is a morphism in C ∩ W, and
• a trivial fibration is a morphism in W ∩ F .
A model category is a locally small category that has limits and colimits for finite diagrams and is equipped with a model structure.
The retract argument (proposition 2.3) shows that model categories in the classical sense satisfy the axioms given above, and for the converse, we require the following fact:
. The class of weak equivalences in a model category is closed under retracts.
Proof. See Lemma 14.2.5 in [May and Ponto, 2012] . Moreover, a model structure is completely determined by the two weak factorisation systems:
Lemma 3.4. Let M be a category equipped with a model structure. The following are equivalent for a morphism f in M:
(ii) For any factorisation f = p • j in M where p is a fibration and j is a trivial cofibration, p must be a trivial fibration.
(iii) There exist a trivial cofibration j and a trivial fibration q such that f = q • j.
Proof. (i) ⇒ (ii).
Use the 2-out-of-3 property of weak equivalences.
(ii) ⇒ (iii). Consider the (trivial cofibration, fibration)-factorisation of f .
(iii) ⇒ (i). Use the 2-out-of-3 property of weak equivalences again.
Lemma 3.5. Let M be a category with a pair of weak factorisation systems (C ′ , F ) and (C, F ′ ). Assume W is a subclass of mor C satisfying the following condition:
Dually:
In particular, assuming
• j, and so we have the commutative diagram shown below:
Since i q, i must be a retract of j; hence, by proposition 2.3, i is in C ′ , and therefore C ∩ W ⊆ C ′ .
(ii). If we know
The next definition is due to Smith [1998] :
Definition 3.6. A combinatorial model category is a locally presentable category M equipped with a cofibrantly generated model structure, i.e. there exist subsets I and I ′ of mor M such that I is the class of trivial fibrations in M and I ′ is the class of fibrations.
Remark 3.7. One can use a small object argument (such as theorem 2.9) to deduce that the (trivial cofibration, fibration)-and (cofibration, trivial fibration)-factorisations in a combinatorial model category can be made functorial.
Finally, let us recall the definition of 'simplicial model category': Definition 3.8. A simplicial model structure on a simplicially enriched category M is a model structure on the underlying ordinary category M that satisfies the following axiom:
M, and the square in the diagram below is a pullback square in sSet,
then the unique morphism i * p * making the diagram commute is a Kan fibration; moreover, if either i : Z → W or p : X → Y is a weak equivalence, then i * p * is a trivial Kan fibration.
A simplicial model category is a locally small simplicially enriched category M that has limits and colimits for finite diagrams, tensor and cotensor products with finite simplicial sets, and is equipped with a simplicial model structure.
Proposition 3.9. Let M be a locally small simplicially enriched category with limits and colimits for finite diagrams and tensor and cotensor products with finite simplicial sets. Given a model structure on M, the following are equivalent:
is a boundary inclusion ∂∆ n ֒→ ∆ n and the square in the diagram below is a pullback square in M,
where Z ⋔ X denotes the cotensor product of Z and X, then the unique morphism i p making the diagram commute is a fibration (resp. trivial fibration); and for all fibrations p :
then the morphism i p defined as above is a trivial fibration.
Proof. This is an exercise in manipulating partial adjunctions and lifting properties; but see also Proposition 9.3.7 in [Hirschhorn, 2003] .
Accessible constructions
Definition 4.1. Let κ be a regular cardinal. A strongly κ-accessible functor is a functor F : C → D with the following properties:
• Both C and D are κ-accessible categories.
• F preserves colimits for small κ-filtered diagrams.
• F sends κ-compact objects in C to κ-compact objects in D.
Example 4.2. Given any functor F : A → B, if A and B are essentially small categories, then the induced functor Ind κ (F ) :
Proposition 4.3 (Products of accessible categories). Let κ be a regular car-
is a κ-small family of κ-accessible categories, then:
(ii) Moreover, the projection functors C → C i are strongly κ-accessible functors.
Proof. It is clear that C has colimits for small κ-filtered diagrams: indeed, they can be computed componentwise. Since κ-filtered colimits in Set preserve products for κ-small families, an object in C is κ-compact as soon as its components are κ-compact objects in their respective categories. Recalling lemma 1.3, it follows that C is generated under small κ-filtered colimits by a small family of κ-compact objects, as required of a κ-accessible category.
Lemma 4.4. Let κ be a regular cardinal, let C and D be accessible categories, and let F : C → D be a κ-accessible functor.
(i) There is a regular cardinal λ such that F is a strongly λ-accessible functor.
(ii) Moreover, if µ is a regular cardinal such that κ ⊳ µ and λ ≤ µ, then F is also a strongly µ-accessible functor.
Proof. (i). See Theorem 2.19 in [LPAC] .
(ii). Proposition 1.18 and lemma 1.9 imply that F sends µ-compact objects in C to µ-compact objects in D, as required. Proof. See Corollary 1.54 in [LPAC] .
Proposition 4.7. Let C be a locally small category and let D be a κ-small category.
(i) If λ is a regular cardinal ≥ κ, C has colimits for small λ-filtered diagrams, and
(ii) If C is a λ-accessible category and has products for κ-small families of objects, then every
Proof. See (the proof of) Proposition 2.23 in [Low, 2013] .
Lemma 4.8. Let J be a κ-filtered category, let A : I → J be a κ-small diagram, let A/ J be the cocone category (A ↓ ∆), and let P : A/ J → J be the projection functor.
(i) The cocone category
A/ J is also a κ-filtered category.
(ii) P :
Proof. (i). Let D be a κ-small category. There exist a κ-small categoryD equipped with a functor L : I →D and a natural bijection between diagrams X : D → A/ J and diagramsX :D → J such thatXL = A, and moreover this construction is natural in D. Thus, every κ-small diagram in A/ J admits a cocone, as required.
(ii). We must show that the comma category (b ↓ P ) is connected for all objects b in J . Since J is filtered, there must exist an object c, a cocone A ⇒ ∆c, and a morphism b → c in J ; thus, (b ↓ P ) is inhabited. Moreover, any diagram in [I, J ] of the form shown below on the left can be completed to one of the form shown below on the right, Lemma 4.9. Let κ be a regular cardinal and let F : C → E and G : D → E be functors that send κ-compact objects to κ-compact objects. Given an object
Proof. Let B = (F ↓ G) and let φ : F P ⇒ GQ be the canonical natural transformation. Then, given any two objects B and B ′ in B, we have the following pullback diagram,
where the map C(P B, P B ′ ) → E(F P B, GQB ′ ) is induced by the functor F : C → E and the morphism φ B ′ : F P B ′ → GQB ′ , and the map D(QB, QB ′ ) → E(F P B, GQB ′ ) is induced by the functor G : D → E and the morphism φ B : F P B → GQB. Thus, if P B and QB are κ-compact objects, then so are F P B and GQB; and since filtered colimits in Set preserve pullbacks, we deduce that B is a κ-compact object in B. (ii) If F and G are strongly κ-accessible functors, then (F ↓ G) is a κ-accessible category, and the projection functors P :
Proof. See Theorem 2.43 in [LPAC] .
Corollary 4.11. If C is a κ-accessible category, then so is the functor category [2, C] . Moreover the κ-compact objects in [2, C] are precisely the componentwise κ-compact objects.
Proof. The functor category [2, C] is isomorphic to the comma category (C ↓ C), and id : C → C is certainly a strongly κ-accessible functor.
Lemma 4.12. Let κ and λ be regular cardinals, with κ ≤ λ, let E be a locally small category with colimits for small κ-filtered diagrams, let X : I → E and Y : J → E be small λ-filtered diagrams that are componentwise λ-compact, let 
(ii) Given any commutative diagram of the above form, if e : C → D is an isomorphism in E, then there exist chains I : κ → I and J : κ → J and a factorisation of the form below,
where (ii). We will construct I, J, and e ′ by transfinite induction on κ.
• Given j α and f α , choose a morphism i α→α+1 : i α → i α+1 in I and a morphism g α : Y j α → Xi α+1 in E such that the diagram below commutes:
Such i α→α+1 and g α exist because f α : Xi α → Y j α defines a λ-compact object in the slice category Xiα/ E (by lemma 4.9) and there is an evident small λ-filtered diagram iα/ X : iα/ I → Xiα/ E with colimit defined by c iα : Xi α → C (by lemma 4.8).
• Given i α+1 and g α , choose a morphism j α→α+1 : j α → j α+1 in J and a morphism f α+1 : Xi α+1 → Y j α+1 in E such that the diagram below commutes:
• Given a limit ordinal β < κ and i α for all ordinals α < β, choose an object i β in I and a cocone from the chain defined by (i α | α < β) to i β .
• Given i β for a limit ordinal β < κ and j α for all ordinals α < β, choose an object j β in J , a cocone from the chain defined by (j α | α < β), and a morphism f β : Xi β → Y j β such that the following diagram commutes for all ordinals α < β:
Such data exist because the chains X ′ and Y ′ defined by (Xi α | α < β) and (Y j α | α < β) are λ-compact objects in the category [β, E] (by proposition 4.7) and there is an evident small λ-filtered diagram in Y ′ / [β, E] with colimit ∆D (by lemma 4.8).
Now take I : κ → I and J : κ → J to be the chains defined by I(α) = i α and
The above construction yields commutative diagrams of the form below for all ordinals α < β < κ,
so there are induced morphisms f :
The next theorem is a variation on Proposition 3.1 in [Chorny and Rosický, 2012] . Recall that the iso-comma category (F ≀ G) for functors F : C → E and G : D → E is the full subcategory of the comma category (F ↓ G) spanned by those objects (C, D, e) where e : F C → GD is an isomorphism in E.
Theorem 4.13 (Accessibility of iso-comma categories). Let κ be a regular cardinal, let C, D, and E be categories with colimits for small κ-filtered diagrams, and let F : C → E and G : D → E be be functors that preserve colimits for small κ-filtered diagrams.
(i) The iso-comma category (F ≀ G) has colimits for small κ-filtered diagrams, created by the projection functor (F ≀ G) → C × D.
(ii) Assuming F and G are strongly λ-accessible functors, given an object
(iii) If F and G are strongly λ-accessible functors and κ < λ, then (F ≀ G) is a λ-accessible category, and the projection functors P : (F ≀ G) → C and Q : (F ≀ G) → D are strongly λ-accessible.
Proof. (i)
. This is a straightforward consequence of the hypothesis that both F : C → E and G : D → E preserve colimits for small κ-filtered diagrams.
(ii). Since the iso-comma category (F ≀ G) is a full subcategory of the comma category (F ↓ G), the claim is an immediate corollary of lemma 4.9.
(iii). Let B = (F ≀ G). First, we must show that there is a small set of λ-compact objects in B that generate B under colimits for small λ-filtered colimits. Let (C, D, e) be an object in B. Since κ ⊳ λ, we may choose small skeletons I and J of the comma categories (K λ (C) ↓ C) and (K λ (D) ↓ D) and obtain small λ-filtered diagrams X : I → C and Y : J → D that are componentwise λ-compact and have C ∼ = lim − →I X and D ∼ = lim − →J Y (by theorem 1.16). Let K be full subcategory of the iso-comma category (F X ≀ GY ) spanned by those objects (i, j, f ) such that the following diagram commutes, First, we verify that (C, D, e) is a colimit for the diagram Z : K → B. Let i be any object in I and consider the comma category (i ↓ P ′ ). Lemma 4.12 implies it is inhabited. Suppose we have two objects in (i ↓ P ′ ), i.e. two objects (i 0 , j 0 , f 0 ) and (i 1 , j 1 , f 1 ) in K and two morphisms h 0 : i → i 0 and h 1 : i → i 1 in I. Since I is a filtered category, there exist an object i ′ in I and morphisms h
Similarly, J is a filtered category, so there exist an object j 2 in J and morphisms j 0 → j 2 and j 1 → j 2 . By considering a suitable diagram of shape j 2 / J in the category (GY j 0 ,GY j 1 )/ E × E (using the fact that f 0 : F Xi 0 → GY j 0 and f 1 : F Xi 1 → GY j 1 are isomorphisms in E) and applying lemmas 4.8 and 4.12, we see that there is a commutative diagram in E of the form shown below,
Gd j 1 and recalling lemma 1.9, we may assume that f ′ : F Xi ′ → GY j ′ is an isomorphism in E. Thus, the comma category (i ↓ P ′ ) is connected, and therefore P ′ : K → I is a cofinal functor. The symmetric argument shows that Q ′ : K → J is also a cofinal functor, and since F : C → E and G : D → E preserve colimits for small λ-filtered diagrams, we may deduce that the canonical cocone from Z to (C, D, e) in B is a colimiting cocone.
It remains to be shown that K is a small λ-filtered category. Indeed, suppose K : A → K is a λ-small diagram. Since I is a λ-filtered category, there is an object i 0 in I with a cocone P ′ K ⇒ ∆i 0 , and by considering a suitable λ-filtered diagram in the category
, we obtain an object j 0 in J and a morphism f 0 : F Xi 0 → GY j 0 such that the diagram below commutes,
as well as a cocone from K to (Xi 0 , Y j 0 , f 0 ) in the comma category (F ↓ G) that is compatible with the colimiting cocone GY ⇒ ∆GD. Combining lemmas 1.9 and 4.12, we then obtain a cocone under P in K, as required. This shows that every object in B is a colimit for a small λ-filtered diagram of componentwise λ-compact objects in B, and since C and D are λ-accessible categories, the full subcategory of B spanned by such componentwise λ-compact objects is essentially small. Finally, observe that every λ-compact object in B is a retract of a componentwise λ-compact object (because the set of such objects generate B under colimits for small λ-filtered diagrams), and recalling that retracts of λ-compact objects are λ-compact, we deduce that every λ-compact object in B is itself componentwise λ-compact. Thus the projection functors P : B → C and Q : B → D are strongly λ-accessible.
Definition 4.14. Given a regular cardinal κ, a κ-accessible subcategory of a κ-accessible category C is a subcategory B ⊆ C such that B is a κ-accessible category and the inclusion B ֒→ C is a κ-accessible functor.
Proposition 4.15. Let C be a κ-accessible category and let B be a replete and full κ-accessible subcategory of C.
(i) If A is a κ-compact object in C and A is in B, then A is also a κ-compact object in C.
(ii) If the inclusion B ֒→ C is strongly κ-accessible, then K κ (B) = B ∩ K κ (C).
. This is clear, since hom-sets and colimits for small κ-filtered diagrams in B are computed as in C.
(ii). Given claim (i), it suffices to show that every κ-compact object in B is also κ-compact in C, but this is precisely the hypothesis that the inclusion B ֒→ C is strongly κ-accessible.
Proposition 4.16. Let κ be a regular cardinal, let C and E be categories with colimits for small κ-filtered diagrams, let D be a replete and full subcategory of
E that is closed under colimits for small κ-filtered diagrams, let F : C → E be a functor that preserves colimits for small κ-filtered diagrams, and let B be the preimage of D under F , so that we have the following strict pullback diagram:
is a replete and full subcategory of D and is closed under colimits for small κ-filtered diagrams in D.
(ii) If F : C → E and the inclusion D ֒→ E are strongly λ-accessible functors and κ < λ, then B is a λ-accessible subcategory of C and the inclusion B ֒→ C is also strongly λ-accessible.
Proof. (i)
. This is a straightforward exercise.
(ii). Consider the iso-comma category (F ≀ D) and the induced comparison functor K : B → (F ≀ D). It is clear that K is fully faithful; but since D is a replete subcategory of C, for every object (C, D, e) in (F ≀ D), there is a canonical isomorphism KC → (C, D, e), namely the one corresponding to the following commutative diagram in E:
Thus, K : B → (F ≀ D) is (half of) an equivalence of categories. Theorem 4.13 says the projection P : (F ≀ D) → C is a strongly λ-accessible functor, so we may deduce that the same is true for the inclusion B ֒→ C. 
(i) Every object in D ′ is a colimit for some small κ-filtered diagram consisting of objects in D
′ that are κ-compact as objects in D.
(ii) Every κ-compact object in D ′ is also κ-compact as an object in D.
Proof. (i). Let D be any object in D ′ . By definition, there is an object C in C such that D = F C, and since C is a κ-accessible category, there is a small κ-filtered diagram X : J → C such that each Xj is a κ-compact object in C and C ∼ = lim − →J X. Since F : C → D is a strongly κ-accessible functor, each F Xj is a κ-compact object in D and we have D ∼ = lim − →J F X.
(ii). Moreover, if D is a κ-compact object in D ′ , then D must be a retract of F Xj for some object j in J , and so D is also κ-compact as an object in D.
(iii). Any object in D
′ that is κ-compact as an object in D must be κ-compact as an object in D ′ , because D ′ is a full subcategory of D that is closed under colimits for small κ-filtered diagrams.
Theorem 4.18 (The category of algebras for an accessible monad). Let C be a locally κ-presentable category, let T = (T, η, µ) be a monad on C, and let C T be the category of algebras for T. If T : C → C is a κ-accessible functor, then:
(i) The forgetful functor U : C T → C creates colimits for small κ-filtered diagrams and creates limits for all small diagrams.
(ii) C T is a locally κ-presentable category.
The heart of a combinatorial model category
Proof. (i)
. This is well-known: cf. Propositions 4.3.1 and 4.3.2 in [Borceux, 1994] .
(ii). See Theorem 2.78 and the following remark in [LPAC] , or Theorem 5.5.9 in [Borceux, 1994] .
Lemma 4.19. Let C be a locally κ-presentable category and let T = (T, η, µ) be a monad on C. If the forgetful functor U : C T → C is strongly κ-accessible, then so is the functor T : C → C.
Proof. Proposition 1.20 says the free T-algebra functor F : C → C T is strongly κ-accessible if the forgetful functor U : C T → C is κ-accessible; but T = UF , so T is strongly κ-accessible when U is.
Theorem 4.20 (The category of algebras for a strongly accessible monad). Let C be a locally λ-presentable category, let T = (T, η, µ) be a monad on C where T : C → C preserves colimits for small κ-filtered diagrams, and let C T be the category of algebras for T. If T : C → C is a strongly λ-accessible functor and κ < λ, then:
if A and B are λ-compact objects in C, then so is C.
(ii) Given a λ-small family ((A i , α i ) | i ∈ I) of T-algebras, if each A i is a λ-compact object in C, then so is the underlying object of the T-algebra coproduct i∈I (A i , α i ).
(iii) The forgetful functor U : C T → C is strongly λ-accessible.
. By referring to the explicit construction of coequalisers in C T given in the proof of Proposition 4.3.6 in [Borceux, 1994] and applying lemma 1.9, we see that C is indeed a λ-compact object in C when A and B are, provided T : C → C preserves colimits for small κ-filtered diagrams and is strongly λ-accessible.
(ii). Let F : C → C T be a left adjoint for U : C T → C. In the proof of Proposition 4.3.4 in [Borceux, 1994] , we find that the T-algebra coproduct i∈I (A i , α i ) may be computed by a coequaliser diagram of the following form:
Since T : C → C is strongly λ-accessible, the underlying objects of the Talgebras F i∈I T A i and F i∈I A i are λ-compact objects in C. Thus, by claim (i), the underlying object of i∈I (A i , α i ) must also be a λ-compact object in C.
(iii). It is shown in the proof of Theorem 5.5.9 in [Borceux, 1994] that the full subcategory F of C T spanned by the image of K λ (C) under F : C → C T is a dense subcategory. Let G be the smallest replete full subcategory of C T that is closed under colimits for λ-small diagrams in C and that contains F . Observe that claims (i) and (ii) imply that the underlying object of every T-algebra that is in G must be a λ-compact object in C. To show that the forgetful functor U : C T → C is strongly λ-accessible, it is enough to verify that every λ-compact object is in G.
It is not hard to see that the comma category (G ↓ (A, α) ) is an essentially small λ-filtered category for any T-algebra (A, α), and moreover, it can be shown that the tautological cocone for the canonical diagram (G ↓ (A, α)) → C T is a colimiting cocone. Thus, if (A, α) is a λ-compact object in C T , it must be a retract of an object in G. But G is closed under retracts, so (A, α) is indeed in G.
The following result on the existence of free algebras for a pointed endofunctor is a special case of a general construction due to [Kelly, 1980] . (ii) Let λ be a regular cardinal. If J : C → C sends λ-compact objects to λ-compact objects and κ < λ, then the functor UF : C → C has the same property.
Proof. Let X be an object in C. We now define a chain X • : κ + 2 → C by transfinite induction:
• Let X 0 = X, let X 1 = JX 0 , let q 0 = id JX 0 , and let X 0→1 : X 0 → X 1 be ι X 0 .
• Given q α : JX α → X α+1 for an ordinal α < κ, define X α+2 by the following coequaliser diagram in C:
The heart of a combinatorial model category Now observe that, for all ordinals α < κ,
and {JX α→κ | α < κ} is a jointly epimorphic family, so δ
hence we must havef = f κ , by transfinite induction. The above argument shows that the comma category (X ↓ U) has an initial object, and it is well known that U has a left adjoint if and only if each comma category (X ↓ U ) has an initial object, so this completes the proof of claim (i). For claim (ii), we simply observe that K λ (C) is closed under colimits for λ-small diagrams in C (by lemma 1.9), so the above construction can be carried out entirely in K λ (C).
Theorem 4.22 (The category of algebras for a accessible pointed endofunctor).
Let C be a κ-accessible category, let J : C → C be a κ-accessible functor, let ι : id C ⇒ J be a natural transformation, and let C (J,ι) be the category of algebras for the pointed endofunctor (J, ι).
(i) The forgetful functor U : C (J,ι) → C creates colimits for small κ-filtered diagrams; and if C is complete, then U : C (J,ι) → C also creates limits for all small diagrams.
(ii) C (J,ι) is an accessible category.
(iii) If C has pushouts and colimits for chains of length ≤ κ, then U :
Proof. (i). This is well-known: cf. Propositions 4.3.1 and 4.3.2 in [Borceux, 1994] .
(ii). We may construct C (J,ι) using inserters and equifiers, as in the proof of Theorem 2.78 in [LPAC] .
(iii). The hypotheses of theorem 4.21 are satisfied (because κ-chains are small κ-filtered diagrams), so the forgetful functor U : C (J,ι) → C has a left adjoint. It is not hard to check that the other hypotheses of Beck's monadicity theorem are satisfied, so U is indeed a monadic functor.
Theorem 4.23 (The category of algebras for a strongly accessible pointed endofunctor). Let C be a locally λ-presentable category, let J : C → C be a functor that preserves colimits for small κ-filtered diagrams, let ι : id C ⇒ J be a natural transformation, let C (J,ι) be the category of algebras for the pointed endofunctor (J, ι), and let T = (T, η, µ) be the induced monad on C. If J : C → C is a strongly λ-accessible functor and κ < λ, then:
(i) The functor T : C → C preserves colimits for small κ-filtered diagrams and is strongly λ-accessible.
(ii) C (J,ι) is a locally κ-presentable category.
(iii) The forgetful functor U : C (J,ι) → C is a strongly λ-accessible functor.
Proof. (i). We know that the forgetful functor U : C (J,ι) → C creates colimits for small κ-filtered diagrams when J : C → C preserves colimits for small κ-filtered diagrams, so T : C → C must also preserve these colimits. Moreover, theorem 4.21 implies T : C → C is strongly λ-accessible if J : C → C is.
(ii). Apply theorem 4.18.
(iii). Apply theorem 4.20.
Compact model categories
First, we must establish some properties of cofibrantly generated weak factorisation systems on locally presentable categories. Proof. By proposition 4.7, any element of I is κ-compact as an object in [2, C]. Thus, given any morphism φ :
where e is in I and f : J → [2, C] is a small κ-filtered diagram with each vertex in I , φ must factor through f j → lim − →J f for some j in J (by considering lim − →J [2, C](e, f )) and so we can construct the required lift.
Lemma 5.2. Let C be a κ-accessible category and let R be a κ-accessible full subcategory of [2, C] . If g : Z → W is a morphism in C and both Z and W are κ-compact objects in C, then:
(ii) The morphism g : Z → W has the left lifting property with respect to R if and only if it has the left lifting property with respect to K κ (R).
Proof. (i). Proposition 4.7 says that g is a κ-compact object in [2, C]; but every object in R is the colimit of a small κ-filtered diagram of κ-compact objects in R, and the inclusion R ֒→ [2, C] is κ-accessible, so any morphism g → f must factor through some κ-compact object in R.
(ii). If g has the left lifting property with respect to R, then it certainly has the left lifting property with respect to K κ (R). Conversely, by factorising morphisms g → f as in claim (i), we see that g has the left lifting property with respect to R as soon as it has the left lifting property with respect to K κ (R). (
is a locally presentable category, and the forgetful functor
is strongly π-accessible and preserves colimits for κ-filtered diagrams for some regular cardinal κ < π, and R is closed under colimits for small
Proof. (i). This is proposition 2.7.
(ii). Apply theorem 4.22.
(iii). By theorem 4.23, [2, C] (R,λ) is a locally π-presentable category, and the
is moreover strongly π-accessible. Thus, we may apply proposition 4.17 to claim (i) and deduce that R is a π-accessible subcategory.
Proposition 5.4. Let C be a locally presentable category, and let I be a subset of mor C. Then I , considered as a full subcategory of [2, C] , is an accessible subcategory.
Proof. Combine theorem 2.9 and proposition 5.3.
To apply the above results to the theory of combinatorial model categories, it is useful to collect some convenient hypotheses together as a definition:
Definition 5.5. Let κ and λ be regular cardinals. A strongly (κ, λ)-combinatorial model category is a combinatorial model category M that satisfies these axioms:
• M is a locally κ-presentable category, and κ ⊳ λ.
• K λ (M) is closed under finite limits in M.
• Each hom-set in K κ (M) is λ-small.
• There exist λ-small sets of morphisms in K κ (M) that cofibrantly generate the model structure of M.
Example 5.6. Let sSet be the category of simplicial sets. sSet, equipped with the Kan-Quillen model structure, is a strongly (ℵ 0 , ℵ 1 )-combinatorial model category.
Example 5.7. Let R be a ring, let Ch(R) be the category of unbounded chain complexes of left R-modules, and let λ be an uncountable regular cardinal such that R is λ-small (as a set).
• It is not hard to verify that Ch(R) is a locally ℵ 0 -presentable category where the ℵ 0 -compact objects are the bounded chain complexes of finitely presented left R-modules.
• The λ-compact objects are precisely the chain complexes M • such that n∈Z |M n | < λ, so the full subcategory of λ-compact objects is closed under finite limits.
• By considering matrices over R, we may deduce that the set of chain maps between any two ℵ 0 -compact objects in Ch(R) is λ-small.
• The cofibrations in the projective model structure on Ch(R) are generated by a countable set of chain maps between ℵ 0 -compact chain complexes, as are the trivial cofibrations.
Thus, Ch(R) is a strongly (ℵ 0 , λ)-combinatorial model category.
Example 5.8. Let Sp Σ be the category of symmetric spectra of [Hovey, Shipley and Smith, 2000] and let λ be a regular cardinal such that ℵ 1 ⊳ λ and 2 ℵ 0 < λ. (Such a cardinal exists, by proposition 1.17.)
• The category of pointed simplicial sets, sSet * , is locally ℵ 0 -presentable; hence, so is the category [Σ, sSet * ] of symmetric sequences of pointed simplicial sets, by proposition 4.6. There is a symmetric monoidal closed structure on [Σ, sSet * ] such that Sp Σ is equivalent to the category of Smodules, where S is (the underlying symmetric sequence of) the sphere spectrum; thus, by theorem 4.18, Sp Σ itself is a locally ℵ 0 -presentable category.
• Since (the underlying symmetric sequence of) S is an ℵ 1 -compact object in [Σ, sSet * ], we can apply proposition 4.7 and theorem 4.20 to deduce that the ℵ 1 -compact objects in Sp Σ are precisely the ones whose underlying symmetric sequence consists of countable simplicial sets. Hence,
Σ is closed under finite limits, and the same is true for
• It is clear that there are ≤ 2 ℵ 0 morphisms between two ℵ 1 -compact symmetric sequences; in particular, there are < λ morphisms between two ℵ 1 -compact symmetric spectra.
• The functor (−) n : Sp Σ → sSet that sends a symmetric spectrum X to the simplicial set X n preserves filtered colimits, so by proposition 1.20, its left adjoint F n : sSet → Sp Σ preserves ℵ 0 -compactness. Thus, the set of generating cofibrations for the stable model structure on Sp Σ given by Proposition 3.4.2 in op. cit. is a countable set of morphisms between ℵ 0 -compact symmetric spectra.
Using the fact that the mapping cylinder of a morphism between two ℵ 1 -compact symmetric spectra is also an ℵ 1 -compact symmetric spectrum, we deduce that the set of generating trivial cofibrations given in Definition 3.4.9 in op. cit. is a countable set of morphisms between ℵ 1 -compact symmetric spectra.
We therefore conclude that Sp Σ is a strongly (ℵ 1 , λ)-combinatorial model category. 
Proof. (i)
. It is clear that we can restrict (L ′ , R) and (L, R ′ ) to obtain functorial factorisation systems on K λ (M), and these are functorial weak factorisation systems by theorem 2.6. 
(v). Claims (ii) and (iii) and proposition 4.16 imply the inclusion W ∩ F ֒→ [2, M] is strongly λ-accessible; but by propositions 4.7 and 4.15,
(vi). Consider the three full subcategories Λ 2 i (W) (where i ∈ {0, 1, 2}) of [3, M] spanned (respectively) by the diagrams of the form below: Proof. Combine proposition 5.10 and theorem 5.11.
Theorem 5.11 suggests that free λ-ind-completions of suitable small model categories are combinatorial model categories. To prove this, we must first understand how properties of a locally κ-presentable category M are reflected in the full subcategory K λ (M) of λ-compact objects in M.
Definition 5.13. Let κ and λ be regular cardinals. A (κ, λ)-compactly generated category is an essentially small category C that satisfies the following conditions:
• C has colimits for all λ-small κ-filtered diagrams.
• Every object in C is a colimit for some λ-small κ-filtered diagram of (κ, λ)-compact objects in C.
Remark 5.14. Since a κ-small κ-filtered category has a cofinal idempotent, an essentially small category is (κ, κ)-compactly generated if and only if it is Cauchy-complete, i.e. if and only if all idempotent endomorphisms in C are split.
Proposition 5.15. Let C be a κ-accessible category.
is a (κ, κ)-compactly generated category, and every object in
(ii) If λ is a regular cardinal and κ ⊳ λ, then K λ (C) is a (κ, λ)-compactly generated category, and the (κ, λ)-compact objects in K λ (C) are precisely the κ-compact objects in C.
Proof. (i). This follows from remark 5.14.
(ii). Combine lemma 1.9 and proposition 1.18.
Proposition 5.16. Let κ and λ be regular cardinals, let A and B be small categories, and let F : A → B be a fully faithful functor. Assume the following hypotheses:
• κ ≤ λ.
• A is a Cauchy-complete category and B has colimits for λ-small κ-filtered diagrams.
• Each F A is a (κ, λ)-compact object in B, and each object in B is a colimit for a λ-small κ-filtered diagram of objects in the image of F .
Then:
(ii) There exists a functor U : B → Ind κ (A) equipped with a natural bijection of the form below,
and it is unique up to unique isomorphism. we thus obtain a functor U : B → Ind κ (A) with the required property.
(iii). It is clear that U is a fully faithful functor that preserves colimits for λ-small κ-filtered diagrams. We may then apply proposition 1.18 to deduce that every λ-compact object in Ind κ (A) is isomorphic to one in the image of U.
(iv). This follows from claim (iii) and the fact that the canonical embedding A → Ind κ (A) is dense.
(v). If κ ⊳ λ, then theorem 1.16 says Ind κ (A) is a λ-accessible category, so we may apply the classification of accessible categories to deduce thatŪ : Ind λ (B) → Ind κ (A) is fully faithful and essentially surjective on objects.
Theorem 5.17 (Classification of compactly generated categories). Let κ and λ be regular cardinals. If either κ = λ or κ ⊳ λ, then the following are equivalent for an essentially small Cauchy-complete category C:
(i) C is a (κ, λ)-compactly generated category.
(ii) Ind λ (C) is a κ-accessible category.
is isomorphic to some object in the image of the canonical embedding C → Ind λ (C). Proof. Combine lemma 4.9, theorem 5.17, and corollary 4.11.
We now return to the subject of model categories.
Definition 5.19. Let κ and λ be regular cardinals. A (κ, λ)-compact model category is a model category M that satisfies these axioms:
• M is a (κ, λ)-compactly generated category, and κ ⊳ λ.
• M has limits for finite diagrams and colimits for λ-small diagrams.
•
• There exist λ-small sets of morphisms in K Proof. By proposition 5.15, K λ (M) is a (κ, λ)-compactly generated category, and lemma 1.9 implies it is closed under colimits for λ-small diagrams in M. Now, choose a pair of functorial factorisation systems as in proposition 5.10, and recall that theorem 2.6 says a morphism is in the left (resp. right) class of a functorial weak factorisation system if and only if it is a retract of the left (resp. right) half of its functorial factorisation. Since we chose factorisation functors that are strongly λ-accessible, it follows that the weak factorisation systems on M restricts to weak factorisation systems on K λ (M). It is then clear that K λ (M) inherits a model structure from M, and lemma 5.2 implies the model structure on K λ (M) can be cofibrantly generated by λ-small sets of morphisms in K κ (M). The remaining axioms for a λ-compact model category are easily verified. Proof. We will regard K as a full subcategory of M via the canonical embedding K → M. Let I (resp. I ′ ) be a λ-small set of morphisms in K λ κ (K) that generate the cofibrations (resp. trivial cofibrations) in K. Let (L ′ , R) and (L, R ′ ) be functorial weak factorisation systems cofibrantly generated by I ′ and I respectively; by theorem 2.9, we may assume R, R ′ : [2, M] → [2, M] preserve colimits for small κ-filtered diagrams and are strongly λ-accessible functors.
Let F and F ′ be the full subcategories of [2, M] spanned by the right class of the weak factorisation systems induced by (L ′ , R) and (L, R ′ ), respectively. It is not hard to see that any morphism in K is an object in F (resp. F ′ ) if and only if it is a fibration (resp. trivial fibration) in K. Lemma 5.1 says F and F ′ are closed under colimits for small κ-filtered diagrams in [2, M], so we may now apply theorem 5.11 to deduce that F and F ′ induce a model structure on M. It is clear that M equipped with this model structure is then a strongly (κ, λ)-combinatorial model category in a way that is compatible with the canonical embedding K → M.
Finally, to see that the above construction is the unique way of making M into a strongly (κ, λ)-combinatorial model category satisfying the given conditions, we simply have to observe that the model structure of a strongly (κ, λ)-combinatorial model category is necessarily cofibrantly generated by the cofibrations and trivial cofibrations in (a small skeleton of) K κ (M) (independently of the choice of I and I ′ ).
Remark 5.22. Let U and U + be universes, with U ∈ U + , let M be a strongly (κ, λ)-combinatorial model U-category, and let M ֒→ M + be a (κ, U, U + )-extension in the sense of [Low, 2013] . By combining proposition 5.20 and theorem 5.21, we may deduce that there is a unique way of making M + into a strongly (κ, λ)-combinatorial model U + -category such that the embedding M ֒→ M + preserves and reflects the model structure. In other words, combinatorial model categories are stable under universe enlargement.
The techniques used in the proof of theorem 5.11 are easily generalised to establish other properties that a combinatorial model category might have. Remark 5.24. It is tempting to say that the analogous proposition for left properness follows by duality; unfortunately, the opposite of a combinatorial model category is almost never a combinatorial model category! Nonetheless, the main idea in the proof above can be made to work under the assumption that the class of cofibrations is generated under colimits for small λ-filtered diagrams of cofibrations in K λ (M). It is not clear whether this hypothesis is always satisfied if we only assume that M is a strongly (κ, λ)-combinatorial model category, but it is certainly true if λ is sufficiently large, because the category of coalgebras for an accessible copointed endofunctor is always accessible (by an analogue of theorem 4.23). (ii) The model structure of K λ (M) satisfies axiom SM7.
Proof. (i) ⇒ (ii). Immediate, because the model structure of K λ (M) is the restriction of the model structure of M.
(ii) ⇒ (i). Recalling the fact that sSet is a strongly (ℵ 0 , ℵ 1 )-combinatorial model category, this is a consequence of propositions 3.9 and 5.10.
Remark 5.26. In view of of the above theorem, it seems very likely that the free λ-ind-completion of a suitable small simplicial model category will again be a simplicial model category. To prove this, we require the technology of enriched accessibility introduced by Kelly [1982] and Borceux and Quinteriro [1996] ; in fact, the only thing we need is to show that the free λ-ind-completion of λ-cocomplete sSet-enriched category is a cocomplete sSet-enriched category, and this can be done by mimicking the proof for the case of ordinary categories. The details are left to the reader.
